Abstract This work extends the algebraic expression of influence coefficients developed for onedimensional aquifer models to a two-dimensional (2-D) case. First, the partial differential equation governing the flow in a 2-D semi-confined aquifer is discretized using a finite difference scheme. This results in a system of discrete equations presented in the form of water balance equations associated with a network of interconnected compartments centred on the grid nodes. The foregoing system is transformed into a series of uncoupled 1-D equations stated in terms of some generalized hydraulic head for which they are also solved. Second, the original hydraulic head is recovered from the generalized one via an appropriate linear transformation. Whence, the algebraic expression making the hydraulic head explicit versus sources and boundary conditions is derived. This discrete expression, mapped onto its continuous counterpart, helps to deduce an algebraic form of the inter-compartment influence coefficients. Finally, a comparison with the analytical Green function is carried out.
INTRODUCTION
The determination of a groundwater mathematical model influence coefficients is closely related to the inversion of the associated governing equation, interpreted in this setting as a linear operator mapping the hydraulic head h onto the source/sink term f. Influence coefficients help to clearly distinguish, the physical components of the system (i.e. compartments and pipes) from the external excitation f(ξ) (input signal) on the one hand, and the response h(x) (output signal) on the other. In this sense, they play the role of a transfer function that needs to be determined for once only, independently of the I/O signals. Therefore, when multiple forward code executions are presented, use of influence coefficients results in great savings of computational time. This is typically the case (a) with groundwater management problems when the response matrix approach is adopted (Gorelick, 1983; Maddock, 1972; Illangasekare & Morel-Seytoux, 1982; Loáiciga, 2004; McPhee & Yeh, 2004); with groundwater inverse problems wherein the optimization algorithm proceeds by repetitive calls for the simulator to evaluate the objective function Aral & Guan, 1996) .
Influence coefficients are also encountered in sensitivity analysis development, where they are called sensitivities, and are used to assess the uncertainty in a calibrated model due to uncertainty in the estimated parameters (Willis & Yeh, 1987) . A theory for deriving sensitivity coefficients for general simulation equations is presented by Ahlfeld et al. (1988) . Yeh (1986) reviewed three methods, namely: the variational method, the sensitivity equation method and the influence coefficient method, commonly used to compute sensitivities. This paper aims to extend the explicit algebraic expressions developed for 1-D semi-confined aquifers to a 2-D case. The procedure followed transforms the original 2-D problem into a series of uncoupled 1-D sub-problems formulated in terms of some generalized hydraulic head, for which they are also solved. Then, the compartmental hydraulic head is recovered from the generalized one by an appropriate linear transformation. Afterwards the derived formula for the hydraulic head is used to make influence coefficients explicit versus the system internal characteristics. A comparison with the appropriate exact Green function is presented.
MATHEMATICAL MODEL
The mathematical model describing the steady-state flow in a 2-D semi-confined aquifer is written as (Willis & Yeh, 1987) :
where h is the hydraulic head, T r is the aquifer transmissivity assumed to be uniform, K a and m a are respectively the conductivity and the thickness of the layer overlying the aquifer and H a is the hydraulic head in the aquitard. Equation (1) is considered in the domain
.5) and subjected to the following set of Dirichlet boundary conditions in which the compass-points notation is adopted:
The Dirichlet problem (equations (1)-(2)) is divided into two sub-problems. Both deal with the partial differential equation (3) similar to (1), except that H a /2 is adopted as the external hydraulic head:
In the first sub-problem, referred to as the "north-south" problem, h (W) and h (E) in equation (2) are are equal to zero, while the "east-west" problem is defined by h (N) = h (S) = 0. Standard finite difference applied to (3) gives (Celia & Gray, 1992) : It is stated for a control box centred on a given node (i, j) delimited by the four dashed lines shown in Fig. 1(a) . This is also represented as a compartment (i, j) connected with four other compartments centred on the nodes (i, j -1), (i -1, j), (i, j + 1) and (i + 1, j) via four hypothetical pipes, namely (S), (W), (N) and (E), respectively ( Fig. 1(b) ). The head loss Δh registered between the compartment (i, j) and a neighbouring compartment is proportional to the flow rate conveyed by the pipe linking them. To fix ideas, the head loss Δh = h i+1,j -h i,j (see equation (5)) between (i, j) and (i +1, j) is related to the discharge Q carried by pipe (E) by:
where r is some hydraulic resistance characterizing the pipe (E), defined by:
The effect of leakage is accounted for using a constant hydraulic head extra-capacity that communicates with the compartment (i, j) through a single vertical pipe (T) with an equivalent length and section area of m a and ΔxΔy, respectively ( Fig. 1(c) ). Under these conditions, Darcy's law for vertical leakage is written as:
where q is the discharge through the pipe (T) from the compartment p towards the corresponding extra capacity. Hence, the hydraulic resistance of the newly introduced pipe (T) would be:
Discretized boundary conditions are simulated by assuming that compartments (i, j) on Ω borders, i.e. for j = 2, i = 2, j = m -1 and i = n -1, communicate with large reservoirs with uniform hydraulic heads h i (S) , h j (W) , h i (N) and h j (E) , so:
ALGEBRAIC EXPRESSION OF THE HYDRAULIC HEAD FOR THE NORTH-SOUTH PROBLEM
The 2-D problem at hand can be transformed into a sequence of 1-D sub-problems by replacing the domain Ω with a partition of m -2 sub-domains Ω j , where Ω j is the strip centred on the line j (2 ≤ j ≤(m -1)), cut lengthwise out of Ω and whose length and width are respectively L and Δy = W/(m -1) ( Fig. 2(a) ). The term Ω j is assimilated to a 1-D aquifer provided that the complement Ω -Ω j plays the role of a distributed source/sink ( Fig. 2(b) ). On this account, equation (5) is rearranged as:
where 2 ≤ i ≤ (n -1) and 2 ≤ j ≤ (m -1) The terms h i-1,j , h i,j and h i+1,j are then considered as the main unknowns, while h i,j-1 and h i,j+1 are interpreted as lateral source/sink term to the strip Ω j . Accordingly, equations (11) are written in a matrix representation as follows:
where
, the transpose of h j , gathers the unknown nodal hydraulic head values related to the band Ω j . Since h 1,j and h n,j are known, they do not figure among the components of h j . A = ) ( ij a is a (n -2) × (n -2) tridiagonal matrix defined by:
Finally, equation (12) is recursively applied until h j+1 is expressed exclusively in terms of the prescribed hydraulic head at southern and northern boundaries of Ω and the external hydraulic load. The term A is a real symmetric matrix. So, there exists an orthogonal matrix P such that, Lipshutz (1987):
is a (n -2) × (n -2) diagonal matrix. The i ν terms are the eignvalues of A. Taking into account equation (14), equation (12) can be rewritten as:
where:
The term = According to equation (16), generalized boundary conditions H (S) and H (N) are introduced as follows:
Now, for a given i between 2 and ) 1 ( − n , the ith equation in the system (15) becomes:
Consequently, the multi-dimensional problem (12) is transformed into a set of uncoupled onedimensional problems (18). Matrices P and D are given in Appendix 1.
The generalized hydraulic head i,p H , solution to equations (18), is rewritten in terms of the generalized boundary conditions H i (S) and H i (N) , and the generalized source/sink term Q i,k , for 2 ≤ i ≤(n -1) and 2 ≤ p ≤(m -1) as:
The involved entities in equation (19) are defined in Appendix 2. According to equations (16) and (17):
Combining equation (20) with equation (19), one obtains:
After equation (16), p i h , is written as:
When equation (21) is replaced in equation (22) and the summation order inverted, one is left with:
where indices i and p run from 2 to (n -1) and 2 to (m -1), respectively. Equation (23) makes explicit the hydraulic head h i,p corresponding to the north-south problem. Similar development is conducted for (n -2) parallel strips Ω i ′ cut width-wise out of Ω 2 ≤ i ≤(n -1). It follows that the hydraulic head h i,p , for the west-east problem, is given by: 
GREEN FUNCTION APPROACH VS NUMERICAL ANALOGUE
The solution to the full problem (1)- (2) is obtained by superimposing the individual solutions given by equations (23) (25) represent the contribution of the (line) source induced by the boundary conditions, while the last term is a (volume) source due to leakage from the confining layer. If the source term f h,k is reduced to a unit hydraulic load applied at some compartment-centred, for instance, on the node (h, k)-then, provided that the hydraulic head on the domain's frontiers is set to zero, the system response h i,p will measure the degree of dependence between the two considered compartments. In this case, h i,p receives the special notation G i,p,h,k and is called the influence coefficient of compartments (h, k) and (i, p). It is given by:
For a square domain divided into equal increments in both x and y directions (i.e. n = m), equation (26) is rewritten as:
Roach (1982) gives the formal solution to the problem (1)- (2) as follows:
where h b is the imposed hydraulic head on the domain boundary,
denotes the Green function corresponding to the considered operator, S d is the element of the boundary of Ω related to ) ( η ξ, , and
is a source/sink term given by:
The parallelism between the numerical and the closed form solution, discussed for onedimensional models by Saffi & Cheddadi (2006) , holds for the two-dimensional case. In particular, the first four terms on the right-hand side of equation (25) represent a finite difference quadrature to the first integral on the right-hand side of equation (28). A similar assertion may be stated for the last terms on the right-hand side of equations (25) and (28). Table 1 (25) and (28).
Equation (28) Equation (25) 
COMPARISON WITH THE CLOSED FORM SOLUTION
The Green function G(x, y, ξ, η) associated with the problem (1)- (2), is given by (Roach, 1982) :
Equation (30) is derived using separation of variables. Figure 3 (a) depicts the variations of ) (
, the partial sum of the right-hand side of equation (30), computed using MATLAB, (0.10, 0.25, 0.25, 0.25) to approach G(0.10, 0.25, 0.25, 0.25 ) within an error ε of 0.12% requires about 1 minute CPU time (using an IBM Pentium IV) which proves to be time consuming. The value of ε is estimated using min G and max G of the lower and upper envelopes (dotted lines in Fig. 3(a) ) at N: 
G
The partial eigenfunction expansion method considers ) ( η ξ, y, x, G as limit of a series whose convergence rate is observed for the problem under work to be remarkably high. In this connection, DuChateau & Zachmann (1986) used the Laplacian operator to explicate the main steps to follow for the Green function construction. The same reasoning, straightforwardly translated to the present problem, yields: 
It is noticeable that the computation of influence coefficients is much quicker if performed with equation (33) rather than with equation (30) (Fig. 4) . successive evaluations of influence coefficients, the use of equations (30) or (33) would seriously slow down the progress of the optimization procedure. So, it is convenient to rather adopt equation (26) or the finite difference code as a direct solver.
CONCLUSION
This paper extends the explicit algebraic expressions of influence coefficients developed for 1-D semi-confined aquifer to a 2-D case. The considered two-dimensional flow region is divided into a finite number of interconnected compartments centred on a finite difference grid node. These compartments communicate (a) with each other via hypothetical pipes characterized by their hydraulic resistance r, defined in equation (7), and (b) with the aquitard via a single vertical pipe with a hydraulic resistance R a defined by equation (9). Factors G i,p,h,k , referred to as the influence coefficients of compartments (i, p) and (h, k), are made explicit in formulae (26), and shown to be exclusively dependent on resistances r and R a . They are also compared favourably to the exact Green function (equations (30)- (33)).
APPENDIX 1
The term A is a Toeplitz matrix, whose eigenvalues are given by (Press et al., 1989) :
The columns of P columns are normalized eigenvectors of A. After all computations, the components of P are written as: For convenience, the terms in P are numbered from h = 2 and k = 2.
